ABSTRACT. This paper is a contribution to the problem of approximating continuous functions F defined on a compact HausdorfF space X, where the value F(x) is a compact convex set in R" for every x in X. More specifically we show how to transfer Korovkin type approximation theorems for real-valued continuous functions to this set-valued situation.
Introduction.
We consider the following problem: Given a convex body in the plane or in space whose shape and position is continuously varying in time (see Figure 1 ). Think of a convex body growing continuously. We measure its shape at discrete time instances. The problem is, whether one can approximate the growth function arbitrarily well by interpolating the shapes measured at sufficiently many instances.
Mathematically the growth function is modelled by a multivalued function F associating a compact convex subset F(x) of R" to every value x G [0,1]. We need a couple of special functions (see Figure 2 ): For a given K G Conv(Rn), the set of compact convex subsets of R", K will denote the constant function F(x) = K, while xB and x2B denote the functions F(x) = xB and Fix) = x2B, where B is the euclidean unit ball in Rn.
Recall that Conv(Rn) is a convex cone with the usual addition and scalar multiplication for subsets of a linear space, and the Hausdorff metric on Conv(Rn) is defined by
The growth function F is supposed to be continuous with respect to this metric. If we know F(x) for x = j/n, j = 0,1,...,n, we may interpolate by the nth Bernstein polynomial ßn(F) associated with F: B^iF) = Í2(f)F (i) ^ -*r"'i o<x<i. R. A. Vitale [9] has proved the following For this result Vitale gives two proofs. Firstly, he gives a direct proof. Secondly, he derives this theorem from a general Korovkin type approximation theorem for set-valued functions which can be viewed as a general scheme for proving approximation theorems for set-valued functions.
Vitale's proof is rather long and technical. A. Jung [7] has found a shorter proof based on order theoretical arguments in the context of the theory of continuous lattices.
We want to show in this note how set-valued Korovkin type approximation theorems can be derived directly from well-known Korovkin theorems for real-valued functions. At the same time, our approach yields a considerable generalization of Vitale's result.
Korovkin type theorems
for real-valued functions. Let A be a compact Hausdorff space. By C(A) we denote the Banach space of real-valued continuous functions on A. We consider a set M C C(X) of "test functions", and we denote by span(M) the linear subspace of C(X) spanned by M.
The Korovkin closure K(M) is defined to be the set of all functions / G C(X) which satisfy the following property: together with the constant function 1 form a Korovkin system. The following theorem does not seem to be in the literature in this explicite form although it can be derived from more general results as in [4 or 6] . In the case that M contains the constant function 1, it is due to H. Bauer [1] and H. Berens and G. G. Lorentz [3] . (ii) fix) = sup£>0 inf{g(x)|g G span(M) and g > f -e} = inf£>0sup{g(x)|g G span(M) and g < f + s} for all x G X.
(iii) For every x G X and every positive Radon measure ß on X one has ßif) = fix) provided that ßig) -g(x) for all g G M.
In particular M is a Korovkin system for C(A) if and only if (ii), or equivalently (iii), is satisfied for all / G C(A). The following theorem which is our main result allows to transfer Korovkin systems from the single-valued to the multivalued case: EXAMPLES, (a) If we use the Korovkin system {l,x,x2} on A = [0,1], we immediately obtain Vitale's result [9] , that the constant functions together with x -► xB and x -> x2B constitute a Korovkin system for C([0,1], Conv(R™)).
(b) For A = S1 (the unit circle) we identify functions on S1 with periodic functions on R and we obtain: For the 27r-periodic continuous functions 
